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ABSTRACT: Existing hydrodynamic models of charged fluids consider any external electric
field acting on the fluid as either first order in the hydrodynamic derivative expansion and
completely arbitrary or zeroth order but constrained by the fluid’s chemical potential. This
is in tension with experiments on charged fluids, where the electric field is both zeroth order
and completely arbitrary. In this work, we take the first step at resolving this conundrum
by introducing a new class of hydrodynamic stationary states, including an arbitrary zeroth
order electric field, upon which hydrodynamics can be built. We achieve this by first writing
down the hydrostatic constitutive relations for a boost-agnostic charged fluid up to first
order in derivatives. Then we introduce suitable energy and momentum relaxation terms
to balance the influence of the electric field on the fluid. This analysis leads to a new
hydrostatic constraint on the spatial fluid velocity, which can be used to define our class of
states. This constraint generalizes to the realm of hydrodynamics a similar constraint on
the velocity found in the Drude model of electronic transport. Our class of states exhibits
non-trivial thermo-electric transport even at ideal order, since it hosts non-zero DC electric
and heat currents. We derive the explicit form of the corresponding conductivities and show
they depend non-linearly on the electric field.
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1 Introduction

The prototypical example of transport experiments in fluids most, if not all, of us are
accustomed to is that of charge transport across a piece of wire. Stripped to its essential
form, this experiment involves a charged fluid forced to flow by an external electric field E
where the electric field is always assumed to be external and linearised in amplitude.

In the absence of non-conservation of momentum, stability of the system requires
that we constrain E in terms of the derivative of the chemical potential . In this case
the background electric field effectively disappears from the dynamics, cancelled by the
chemical potential gradient in hydrostatic equilibrium [1], and therefore the fluid velocity
is independent of the applied electric field. This is not the case in real devices which
are open systems and, when attached to a voltage bias so that a current flows, achieve
stationary states by exchanging heat with their surroundings. In this work, we resolve this
paradox for the case of boost-agnostic fluids [2-7] and introduce stationary states where an
arbitrary external field and fluid polarization can co-exist. In particular, we find a new class



of hydrodynamic stationary states for which the electric field is not completely opposed by a
chemical potential gradient as well as order zero in the hydrodynamic derivative expansion.
Importantly, these states exhibit charge and heat transport in the ground state, indicating
they provide the correct description for standard DC measurements. Furthermore, these
stationary states provide the basis upon which we can include dissipative corrections to
the hydrodynamic constitutive relations, upon breaking stationarity.

To achieve the goal of this paper, we must relax some familiar concepts from recent
studies of hydrodynamics. For example, turning on an order zero electric field pushes the
fluid out of equilibrium, by continuously pumping energy and momentum into it. To avoid
a “blow-up”, while keeping the electric field an externally imposed parameter that is not
completely balanced by the chemical potential gradient, we must introduce order-zero sinks
for the fluid energy and momentum. In addition, the order zero sinks necessarily break
boost invariance. Hence, our use of the boost-agnostic formalism [2-7] is not a choice, but
a requirement for a consistent hydrodynamic theory. As a result, the fluid’s spatial velocity
¥ — which can be set to zero in boost invariant hydrodynamics — is now a parameter of
thermodynamic equilibrium. It follows that our theory of hydrodynamics describes fluids
with charge and momentum flow at zeroth order in the derivative expansion, contrary to
expectations from the boost-invariant formalism [1, 8]. With the addition of the energy-
momentum sinks, we can conceptualize our approach as the hydrodynamic analogue of the
Drude model of electron transport [9].

We wish to remain completely agnostic of the microscopic origins of our energy or
momentum sinks. Hence, our hydrodynamic description is applicable to as broad a range
of systems as possible with a single exception; we assume that the corresponding suscep-
tibilities given by varying with respect to the “hidden” degrees of freedom represented
by the relaxation terms are negligible. Consequently, these degrees of freedom are frozen
out and do not partake in the thermodynamics (nor hydrodynamics) of the system except
through relaxation of the hydrodynamic charges and currents. Put differently, the degrees
of freedom represented by the relaxation rates act somewhat like a bath for our fluid. It
is important to note however that the relaxation rates can depend on the thermodynamic
variables T', u, ¥ and IE; it is only the hidden degrees of freedom (for example a trans-
lation breaking scalar) that our hydrodynamics must not depend upon. This is similar
to the situation in [10] in the context of charge relaxations, but opposite to the approach
than [11], in which the environment is taken to completely dominate the thermodynamics
of the system. In addition [12] discusses the steady state of an open system that loses
particles to the environment, albeit in a non-hydrodynamic approach.

Recall that within the Drude model, a steady state is reached only when the flow
velocity is constrained in terms of the rest of the system’s parameters. This feature of the
Drude model survives the hydrodynamic generalization, where we find that a stationary
state can be reached only when ¢ is constrained as

vt = Op (T,u, 72 B2 - 1173) E -, (T, w7 E2, 5 E) Oy, (1.1)

where 7' is the fluid’s temperature and g , are functions of the thermodynamical variables
fixed in later sections. Note that we included a chemical potential term on the right hand



side of (1.1), because of the ability of 'y to act as an effective electric field. The derivation
of eq. (1.1) follows the natural and normative way familiar from Lagrangian mechanics;
namely, we derive the conservative part of the system from a variational principle and
then add non-conservative forces by hand and enforce consistency with the equations of
motion and second law of thermodynamics. We see that the result of this analysis is a
velocity whose value can be chosen at will by fixing the rest of the thermodynamic param-
eters. In this way, our formalism mimics the boost-invariant formalism and explains why
boost-invariant hydrodynamics has been successfully used to describe condensed matter
experiments (see e.g. [13-19]).

One might object that by having such relaxation rates at order zero, our hydrody-
namic modes will become strongly decaying. Before addressing this issue, let us clarify the
meaning of strong and order zero. There are two senses of small which may be encountered
in hydrodynamics — small in amplitude and small in gradients. A quantity which is small
in amplitude need not be small in gradients and vice versa. Consequently, while our decay
rates are strong in the derivative sense, they can be small (even perturbatively small) in
the amplitude sense. In this way, our relaxation terms follow the traditional route in the
hydrodynamics literature. We emphasize this route is essential, for otherwise hydrody-
namics could not accurately describe flows in the presence of zeroth order backgrounds
fields, e.g. the flow of a fluid in a zeroth order, constant, external magnetic field. For the
cyclotron modes of such a theory to be amenable to a hydrodynamic description, i.e. to
avoid the formation of Landau levels, the constant magnetic field must be suitably small
in amplitude even though it is large in the derivative sense. See also [20-29] for further
discussions about external strong magnetic field in boost-invariant hydrodynamics .

Furthermore, hydrodynamic modes become decaying in many circumstances (external
magnetic fields see e.g. [30]), charge density waves (see e.g. [31, 32]), Wigner crystals (see
e.g. [23, 33, 34]), when considering non-zero wavevectors k (see e.g. [8] etc.) and yet we
expect a hydrodynamic framework to be a good approximation. What matters is not that
the mode is strongly decaying, but that the non-hydrodynamic modes are sufficiently deep
in the complex plane such that they can be approximately ignored. This can only be
stated analytically by knowing the position of the lowest lying non-hydrodynamic pole.
More pragmatically, we can simply check whether the hydrodynamic and measured AC
conductivity agree with each other. Regardless, if there is any hope for hydrodynamics
to explain standard DC transport measurements as discussed above, then there must be a
regime where such non-hydrodynamic modes are irrelevant. The analysis presented in this
work presumes such systems exist.

As a last comment, we note that the fluids we consider are stationary since there is no
entropy production. This can be demonstrated explicitly to be a consequence of the (non-
)Jeonservation equations for energy, momentum and charge. When we discuss positivity of
the entropy current we will also see that this condition follows from requiring that the ideal
fluid does not produce entropy.

We proceed to the main part of this paper in the following manner: we first derive the
boost-agnostic hydrostatic constitutive relations, using the generating functional technique,
in the absence of any explicit energy or momentum relaxation in section 2. In the same



section, we relax conservation of our hydrodynamic charges and impose (1.1) on the system.
In doing so we determine Qg , in (1.1) in terms of hydrodynamic variables and generalize
the Drude result to hydrodynamic systems. Following that, we consider relaxation terms at
order one in derivatives in section 3 showing how our results must be extended and modified
before obtaining the DC thermoelectric conductivities in section 3.4. We conclude with a
discussion of our results and their applications in section 4.

2 Stationarity at the ideal level

In the present section, we use the generating functional formalism [35-37] to write down
the zeroth order constitutive relations for the stress-energy-momentum tensor and U(1)
charge current of our boost-agnostic charged fluids in hydrostatic equilibrium and in the
presence of an external electric field E. To use the hydrostatic generating functional we
need to geometrise the thermodynamics of the fluid. Since boosts are not necessarily part
of our fluid’s symmetries, we must formulate the problem in a boost-agnostic manner. Con-
sequently, we turn to Aristotelian geometry [2-7], which we review in the next subsection.
We proceed in subsection 2.2 with defining the thermodynamic fluid parameters and the
conditions they need to satisfy for the fluid to be in hydrostatic equilibrium. With the above
tools in hand, we construct the generating functional and derive the fluid’s constitutive re-
lations in 2.3. We finally relax the hydrostatic constraints and write down the hydrostatic
constitutive relations for generic energy-momentum relaxation in subsection 2.4.

2.1 Aristotelian geometry

Aristotelian geometry consists of a manifold equipped with a clock form 7, and a spa-
tial metric Ay, the latter of which has the signature (0,1,...,1). Besides lacking boost-
invariance, another reason for considering this geometry is that it naturally allows us to
separate out the spatial part of the fluid velocity by defining a laboratory frame aligned
with 7,. Thus we can define fluid frame invariant notions of energy and momentum such
as 7, T",. This is distinct from the usual relativistic case where the dual to the time trans-
lation vector is the fluid velocity one-form u, and there is no obvious way to isolate the
spatial part of this velocity field from its temporal counterpart except by introducing a
field exactly like Tu.l Moreover, Lorentzian, Galilean, Lifshitz and other geometries are a
special limit of these Aristotelian setups.

It will simplify some expressions if we assume that we can decompose the spatial metric

h, with respect to vielbeins i.e.

huw = Oapeliel, | a,b=1,2,...d (2.1)

with d the number of spatial dimensions. Subsequently, we assume that the square matrix

(Tu, €;;) is invertible and thus obtain (—v#,el) obeying the following conditions

— a __ _ b _ b
vhr, =—-1, Ve, =0, eht, =0, ene, =0g (2.2)
!This is usually achieved by working in Cartesian coordinate system, with 7, = 1, and identifying

ut = (1,v")/V1 = 2.



and the completeness relation

— Vi, +ebel = ol . (2.3)

We can also define
Y = 5“%561’; (2.4)

which is not the inverse of h,,, but satisfies

ma
huph?” =6, + V"7, . (2.5)

As we see from right-hand side of eq. (2.5), hy,,h*" is a projector normal to 7,. Thus we
can think of h* as the inverse of h,, only on the spatial hypersurfaces defined by the
clock-form 7,.

We introduce a metric compatible covariant derivative into our spacetime, constrained

via the following properties:
Vur, =0, Vh'P=0. (2.6)
Connections compatible with these conditions have the form
A %h“ (Ophus + Ouhys — Ohy) + %h’\"YOW , (2.7)
where Y5, is a otherwise arbitrary tensor [38] satisfying
(PR = BAR) Yoy = 0. (2.8)

One can check explicitly that (2.7) transforms as a connection if Y, transforms like a
tensor. Because Y, is arbitrary, so is the connection. This should be compared to the
usual pseudo-Riemannian case, where torsion freedom Ff\W] = 0 and metric compatibility
Vu9vp = 0 with the pseudo-Riemannian metric g,, uniquely determines a preferred con-
nection (the Levi-Civita connection). Consequently, the physics in a curved Aristotlean
spacetime can depend on the arbitrary choice of connection [6, 7].

To fix our choice of a connection, we also require metric compatibility of the dual
vector v* and spatial inverse h*", i.e.

Vo' =0,  Vuh,=0. (2.9)

This choice makes identifying independent scalars in our generating functional significantly
easier. Following [6], a suitable ansatz for the affine connection has the form

1
Iy, == 0T + EhM (Ouhun + Ovhyr — Oxhy) — W1, Ky + C,, (2.10)

where K, is the extrinsic curvature defined by

1
K;uz = _iﬁyhuy (211)

and

Crma=0,  Chhr,+Chhuy=0. (2.12)



A particularly simple solution for C’;}V is taking Cﬁ‘y =0i.e.

1
I, = -1 0um + §W (Ouhur + Ouhys — Ochy) — W1, K s (2.13)

To conclude our short overview of Aristotelian geometry, we note that in our current
work we are interested in “flat spacetimes” i.e. ones where the elementary tensor structures
reduce to

Tu=00,  hw =005, vr=-68, WY =05l6"5" (2.14)

In particular, our choice of tensor structure physically means that laboratory time is aligned
with 7, and that A" can be used as a spatial Euclidean metric. Essentially, in the flat
space limit, we generally reduce to a Cartesian coordinate system where V,, = 0,, so that

Oty =0,  Ouhy,=0. (2.15)

We shall call this the flat space cartesian co-ordinates or FSCC limit for short. In the FSCC
limit, the precise choice of connection becomes a moot point regarding the final result.
However, having the curved space expressions, albeit not the most general such expressions,
is necessary for computing the variation of the hydrostatic generating functional. More
precisely, notice that our connection of choice (2.13) has non-zero torsion, Fﬁw] # 0, which
contributes to our first order generating functional.?

2.2 Geometrising thermodynamics

We can now express our thermodynamic quantitites in terms of the geometric quantities
(Tus Py, Ay). First, we must define the notion of stationarity. To this end, we introduce
the time-direction associated to the fluid’s dynamical evolution in terms of the thermal
vector *.3 We require B* to play the role of a Killing vector in our spacetime. That is
the Lie derivative with respect to B#, L3, vanishes when acting on any geometric object
in the theory. When this condition holds, our theory is stationary with respect to g*.* In
particular, acting on the sources we have

Lgr, =0, (2.17a)
LA, =0, (2.17b)
Lghy, =0, (2.17¢)

as constraints on our geometry in addition to the usual Bianchi identity,

O Fup =0 (2.18)

2For example, when moving from partial to covariant derivatives, we can generate additional torsion
terms such as 1
Vu VH = =0, (eV*) + T, V¥ . (2.16)
e

where e = det(7,, €}, ).

3E.g. in terms of Hamiltonian mechanics, where dynamical evolution is given by the Poisson bracket
with the fluid Hamiltonian H, we have {H, e} = —30,,.

4Note that due to the lack of boost invariance, stationarity with respect to 8* does not imply stationarity
with respect to any other vector.



Up next, we define the temperature T and chemical potential p of the fluid as

1
T=—, 2.19
T (2.19a)

i=T (A" + Ay) (2.19b)

respectively, where Ay represents the choice of U(1) gauge. Meanwhile, we take the fluid
velocity to be proportional to the Killing vector and normalise it by setting

ur, =1, (2.20)
such that, with (2.19a), we can identify
ut = TB . (2.21)

Employing the completeness relation (2.3) and the normalisation condition, (2.20), we can
also decompose the fluid velocity into

ut = —vk 4 o%l ot = ulle)) (2.22)

with o = v%4d, the spatial velocity. In the FSCC limit, the velocity reduces to u¥ =
(1,v%).
We define the electric field in the laboratory frame as

By = —Fuv”, B =20, A4 = Byry — By Eq = egBy (2.23)

which in flat space with a suitable coordinate choice takes the form E, = (0, E;).

The fact that the electric field can be constant in the reference frame of the laboratory
observer is one manner in which boost invariance is broken (see [27] for an explanation
in the case of relativistic fluids). Note, that our electric-field definition is different than
the one typically encountered in the relativistic fluid literature, where F,,u” = E,,. The
electric field E,, is entirely transverse to the fluid velocity, unlike in our scenario.

With these definitions for the thermodynamic variables we can reformulate the hydro-
static constraints (2.17) in terms of the thermodynamic parameters. First, we consider the
hydrostatic constraint on the temperature 7" in eq. (2.19a). With the help of (2.17a), we find

0.1

T~ u” (Oy7y — Outy) = 0. (2.24)

We can make this expression manifestly covariant by rewriting everything in terms of co-
variant derivatives as

v,.T

T
This result is intuitively correct, given the role of torsion as a deformation of the transla-
tion algebra [V, V,]| = =T}, V,. Essentially, eq. (2.25) tells us that a deformation of the
time direction, i.e. of temperature, due to the flow can be compensated by a deformation

2uT?

» (2.25)

Ty =

in the translation group algebra, i.e. torsion. Equation (2.25) also tells us that torsion



is not an independent quantity in the hydrostatic limit. We use this observation when
working at first order in derivatives in section 3 to eliminate torsion terms from our list
of independent scalars entering the first order generating functional. In the FSCC limit,
eq. (2.24) simplifies considerably

0,7 =0. (2.26)

Up next, we consider the hydrostatic constraints on the chemical potential p (2.19a)
Employing the Killing constraint (2.17b) on the gauge field and the definition of the
electric field (2.23), we determine that

E, — Ta“% = E,u"7, . (2.27)

This constraint shows us that the J,u and its derivatives are not independent variables in
hydrostatic equilibrium, as they can always be expressed in terms of the electric field E,
and temperature. In FSCC, the set of constraints represented by (2.27) can be written as

Oy + v =0, (2.28a)
E-G+0u=0, (2.28D)
E—du=0, (2.28¢)

where we have employed (2.26). These are not all independent and, for example, the
second constraint is easily recovered from the first and third. Their physical content is thus
two-fold, i) the chemical potential is conserved along the flow and ii) the applied electric
field E must be balanced by a gradient for the chemical potential —5,u in hydrostatic
equilibrium. These constraints imply that the chemical potential gradient is actually order
zero in derivatives.

This is the boost-agnostic version of what already happens in relativistic theories [1].
In particular, in a theory with Lorentz symmetry, the existence of stationary state requires
that

E,—Ta, (;) ~0+0(9). (2.29)

This means that any departures from equilibrium, where the above is expression is zero,
must be counted as at least order one in derivatives. While an explicit derivative appears
acting on the chemical potential in the above, this does not mean that the derivative of
the chemical potential is necessarily order one in hydrodynamic derivative counting. To
determine the derivative order of du(x), one must see how the chemical potential u(x)
varies in spacetime. For a non-zero electric field to be compatible with equilibrium and
enter into the equation of state the derivative of the chemical potential must be order zero
so that (2.29) can be satisfied locally. This is the reason why in table 1 both y and 9,1
are considered order zero quantities, as a consequence of (2.28c).

We now turn to the hydrostatic constraint on the electric field E, i.e. Lg(E,) = 0.
If we had taken the electric field to be order one in derivatives, this constraint would not
be relevant to the derivative order we are interested in this paper. This is because the



resulting constraint would then be of order two. As our electric field is zeroth order in
derivatives, constancy along " yields

E, u”

0=v"0,E, + E,0u” — ouT . (2.30)
Explicitly covariantising this expression we obtain
VTP v v EVUV
2u”T, By = 'V, E, + B,V yu” — TVMT (2.31)

which again we can use to eliminate torsion terms in our first order action. Moving to flat
space we readily find

0=0E; + UjajEi + ]Ejaﬂ}j , Eiﬁtvi =0. (2.32)

Additionally, the electric field £, must obey the Bianchi identity dF' = 0. This has the

general form
0= G[NEVW + ]Eyé?[ﬂ Ty + 0[VEP]T# + Eua[pTV] + 8[pEM]Ty + Epa[,/Tu] . (2.33)
Covariantising this experssion leads to
EUFE/MTP + Epfﬁ,u]ﬁ, + cyclic(u, v, p) = V[, E,j7, + cyclic(u, v, p) , (2.34)

where we have employed the metric compatibility of 7, i.e. V7, = 0. Contractions of
eq. (2.34) yield additional constraints we can use for the construction of the generating
functional. As eq. (2.34) is completely antisymmetric, the only structure we can contract
it with to yield a non-trivial result is u*v”h*°E,. Consequently,

VBBl Bo = VI BV, By — v BV, By + B2 ufv T, 7,

[vp)
— R B,  Ea + (B - w)V’ W EILT,, 7o , (2.35)

which again allows us to eliminate torsion terms. Meanwhile in FSCC the Bianchi iden-
tity (2.33) reduces to
8j]Ei — OiIEj =0. (2.36)

Finally, we impose hydrostatic constraints on v* and hj,,. The Killing constraint
evaluated on v* reads

0 =u"o " —v’o,ut + u’”V”&'TT , (2.37)
or in explicitly covariantised form
- 2u”P’[‘Vp]y"’ =u'V, ot —v'V,ut + u“u”% : (2.38)
In flat space, (2.37) reduces to the following independent constraint
ot =0, (2.39)

which generalizes the second equation in (2.32).



For our last constraint, we consider hy,,, i.e. (2.17c). The resultant expression evaluates

to P y
£uhpu - ThpyaMT - Thpp,ayT =0 (240)
or
P
QLY g + 20Ty = =Vt hgy — Vou” hyo + “Thpyv#T
up

+ bV T (2.41)

Again, in flat space we find the independent constraint
81'1)]‘ + 3jvi =0. (2.42)

where we have employed 0, T = 0. Equation (2.42) is nothing more than the boost agnos-
tic version of the usual Killing condition on the velocity found in relativistic hydrostatic
fluids [35].

Summary of the hydrostatic conditions in flat spacetime. For convenience, we list
here all the independent hydrostatic conditions in the FSCC limit. Firstly, any scalar quan-
tities must satisfy £, (...) = (0 +v'9;)(...) = 0. Then, additionally, we have shown that:

2,T=0, o' =0, divj + 0jv; =0,
Gi]Ej — 8j]EZ' =0, o E; + vaj]Ei + ]Ejaﬂjj =0, (2.43)

and
E; —o;u=0. (2.44)

In the following sections, we use these constraints to write down the most general hy-
drostatic effective action for our fluids. In appendix A we also explicitly check that the
resulting fluids identically satisfy the hydrodynamic equations of motion in the hydrostatic
regime, thus explicitly demonstrating that a zeroth order electric fields is compatible with
hydrostatic equilibrium.

2.3 Hydrostatic constitutive relations

Now that we have all the hydrostatic conditions (2.43), we can apply the generating func-
tional method. To do so we must construct a scalar functional W out of the independent
scalars built out of our thermodynamic quantities and their derivatives. In particular, we
build W out of the scalars presented in table 1.

Restricting ourselves to zeroth order in derivatives, we define the zeroth order gener-
ating functional W) in the presence of the sources (7, b, Ay and Fy,) to be

Wylr b, A, F] = / Az e P(T, u, WWELE,, hutu, Eut) (2.45)

= /dd‘H:p e P (T,M,IE2,172,17- IE)

~10 -



Elementary Composite
Scalars: T, hyputu”, WE,E,, E,u*
One-forms: Ty By Opupt hyut
Vectors: vt ut hHIE, , W0, u
Covariant 2-tensors: hyuw TuTv, TulBy, TuOu . ..
Contravariant 2-tensors: hH 1 VN VIl Ve 11l Vi

Table 1. Independent in principle scalars, vectors and tensors at zeroth order in derivatives. We do
not include the gauge field as it is not gauge invariant and can only enter the generating functional
as an antisymmetrised derivative (electric field) or Wilson loop (chemical potential). The generic
terms that can appear in the order one generating functional are given by taking the covariant
derivative of the elementary scalars and contracting the result with the elementary & composite
quantities to give scalars.

with e = det(TM,eZ). By varying the above generating functional with respect to the
background sources we define the following one-point functions

1 1
Wiy, h, A, F] = / Az e <—T“<m + 5T Ohyu + J'3 A, + 2M“”6FH,,> . (2.46)

where T* is the energy current, T*" is the stress-momentum tensor, J* the U(1) charge cur-
rent and M* the magnetization density tensor. Some parenthetical comments about (2.45)
and (2.46) are in order. Firstly, in (2.46), the field strength is not independent of the gauge
field A, and thus there is some overcounting of degrees of freedom; in particular the final
term can be integrated by parts to give a current-like term. Nevertheless, separating these
quantities in this manner is quite useful as F},,, consists only of gauge invariant degrees of
freedom while A, includes non-local terms like the chemical potential.

Out of the energy current and stress-momentum tensor, we can assemble a “stress-
energy-momentum” (or SEM) tensor as the combination

TH, = —TF7, + T"h,, . (2.47)

Notice that T*#, is still symmetric in its spatial indices since we are assuming rotational
invariance of the microscopic theory. Additionally, we can decompose M*" as

MM = VFPY — VY PH 4 WP h o h¥% hys M P (2.48)

where P is the polarization vector and the final term can be further decomposed into
magnetisation scalars, vectors, tensors etc. In what follows, only P# will be non-zero since
we are not considering magnetic fields in our setup.

Secondly, we should make note of the unusual (to the literature) choice for the discrete
symmetries of our setup. Our theory does not have parity-breaking parameters, so all the
scalars in (2.45) are P-even. However the scalar E - 7 is T-odd, which means that the
thermodynamics, generally, will not be time-reversal covariant. By this we mean that the
pressure need not have a definite sign under time-reversal. This is also true for (1.1) if we
make generic choices for the 2 terms and in such cases one should not expect the Onsager
relations to hold.

- 11 -



With that said, requiring W) to be diffeomorphism and gauge invariant yields (non-
)conservation equations for the SEM and the charge current

1
710, (e, ) + T4y, — ST 0ol = Fpud” (2.49a)
et (eJ") =0, (2.49b)

where we have employed (2.46) and (2.47). In addition we have the following conservation
equation for the polarisation

79,0, (2e0PY) = 0. (2.49¢)

These equations are covariant which can be shown by replacing the partial derivative by a
suitable covariant derivative as discussed in [6].

Combining the explicit form of W(g) (2.45) and the definition of the 1-point func-
tions (2.46), we can derive the constitutive relations for our fluid. In doing so, we use the
following variations with respect to the background sources

0T = —Tu'éT, , (2.50a)
ut = —utu”or, (2.50b)
SE, = E,v°o7, — T, E, B Pv7)h,, — (8,04, — 8,0A,)V" (2.50c)
ShM = —hFP§h,h7Y 4 20\ h)PET, | (2.50d)
St = vMu¥or, — BHYLPSh,, (2.50e)
op = —put'or, +utéA, , (2.50f)
de =e <—1/”57’M + ;h’”’éhwj> , (2.50g)
and recall the identities
v = —u" + hWPhyu” (2.51a)
Fuo=8E,n, -E,7,. (2.51Db)

We find the following expressions for the constitutive relations at zeroth order in derivatives

T" = cul + (P — P Ey) h*Phyu” (2.52)
TH = PhM + pputu’ — kphtPB,h" By — 2B8pE,hPFpY) (2.53)

and

TH = —eut'n, — (P —P7Ey) i’ hpeu’T, + Ph*Phyy + pmutulhy,,
—kpEaEgh®*h?h,, — BpEah® Vi h,, (2.54a)
1
JH = nut + -0, (2ey[“IPV]) . (2.54Db)
e
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In (2.54), P is the fluid pressure, ¢ its energy density, py, its momentum density® and n its
charge/number density. In thermodynamic equilibrium, they are defined as

n= <‘Z];) , P =2 (2;) , o= (gi) , (2.55)
Pr = (a(laﬁpg)> , KE = 2 (;;) : (2.56)

where s is the entropy density of the fluid. Together they satisfy
e+ P =sT+ pun+ pmt> + kB> + 26pE - 7 .

The parameters kg and Sp do not appear in the hydrodynamics literature. To understand
their physical meaning, we note that we can write the momentum and polarization of the
fluid as

-, oP -

P=(-—=)=kgE+ Bp?¥, 2.57
(5= ) = reE+ oo (2.57)

_, OP . o

Notice that in the present case the system can have a non-zero polarization even when
there are no external electromagnetic fields, purely due to the velocity. This effect can be
traced back to the fact that our thermodynamics is 7-odd. If we instead insist in having
a theory that is time-reversal invariant (so the pressure depends on even powers of E- 0))
then gp would depend on odd powers of E -7 and disappear at zero electric field. This
is exactly the same effect observed in [1] for a relativistic fluid, in which the scalar F - B
breaks time-reversal and thus the system can have a non-zero polarization at zero electric
field given by the magnetic field alone.

In terms of the momentum and density of the fluid, we can re-express the definition of
the energy density ¢ (2.55) as

e+ P=sT+E-P+7-P+npu. (2.59)
Subsequently we have that
dP = sdT + ndp + Pydv’ 4+ P'dE; . (2.60)

These are nothing more than the Gibbs-Duhem relation and 1st law of thermodynamics
for our fluid, respectively.

Some comments regarding our constitutive relations (2.54) are in order. First, we note
that the spatial momentum P in our formalism is an observable quantity with a definite
value. This contrasts the boost invariant case, where we can generally choose a frame for
which P vanishes in global thermodynamic equilibrium. Second, the derivative term in
the current is the polarization contribution to the bound current [1]. Equation (2.54b)
together with (2.49¢) then imply that the free charges (parametrised by n) and the bound

®pm is called kinetic mass density in [2].
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charges, i.e. the polarization, are separately conserved. Moreover, there is a subtle point
worth noticing about the constitutive relations in (2.54). Typically the velocity field u* is
an eigenvector of the SEM tensor at lowest order in derivatives. Imposing this at higher
orders constitutes the so called Landau-frame choice. However, for our fluid

T = — (&= put? =P B) u + (P - B — fp(E - u)) "
—kE(E - u)h"E, . (2.61)

In the absence of the electric field one finds that the fluid velocity is indeed an eigenvector
of the SEM tensor with an eigenvalue that comprises the energy density minus the kinetic
energy density. Yet, in the presence of the electric field this is not the case and the naive
Landau frame does not exist for our fluid.® Instead a particular thermodynamic frame,
given by our definition of the hydrodynamic fields (2.19a) and (2.20), is well-defined and
we shall use this frame choice throughout the rest of the paper.

Finally, our constitutive relations (2.54) reduce in the FSCC limit to

N (2.62a)
T% = pwvi + BpE; = P, (2.62Db)
Th = —<5+P—113-1E> vt (2.62¢)
T = P+ pmv'v; — keE'E; (2.62d)
=P (2.62¢)
J = nv' + 6P . (2.62f)

Notice that independent constant electric and velocity fields are solutions of the hy-
drodynamic equations of motion (2.43) and (2.44). As a result, enforcing a Drude-like
constraint such as (1.1) is not necessary. However, the electric field cannot take arbitrary
values — as one would expect in experiments — but must be carefully balanced by a
non-trivial profile for the chemical potential for the system to remain in hydrostatic equi-
librium. Consequently, an electric field driven flow and current seem impossible to generate
in hydrostatic equilibrium. To circumvent this issue, one could attempt to impose (1.1) on
the boost agnostic hydrodynamics directly, without including additional relaxation terms.
This is an unphysical route to follow for the following reasons.

First, within the hydrodynamic theory we have already written down, the Drude con-
straint (1.1) can only arise as a particular solution of the equations of motion. Thus,
enforcing (1.1) does not extend the theory beyond hydrostatic equilibrium, but rather con-
stricts it to a narrow subset of phase space. Further, compatibility between the Drude and
hydrostatic constraints yields additional constraints on Q2 and €2,. For example, we can
use (2.44) to rewrite (1.1) as

0= Qp(T, @, BL0-B)E, Qp=Qp+Q,. (2.63)

5The absence of Landau frame already happens in relativistic hydrodynamics, see [1].
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Substituting this expression into (2.43) one finds constraints that lead to the thermody-
namic derivatives of {0 not being free variables (and thus neither is Qg free). If we assume
this applies to every system, then we have derived an extremely strong constraint on the
kinds of transport one can encounter in nature. For example, using one of the stationarity
constraints (2.43) with (2.63) leads to:

o0 g U .

07
O0R . -
—=E B0, - 0) + QpdE)) - 2.64
o ) o0 (B D)+ wdEy) (2.64)

0 = Ouvy) =

Comparing tensor structures we see the first term implies that Qp is independent of the
chemical potential. In addition, it is not hard to see that at lowest order in derivatives Qg
plays the role of the DC conductivity opc

J = nQpE , opc = np . (2.65)

Unfortunately we cannot think of this term as some kind of incoherent conductivity [39] as
the latter is generically non-zero at vanishing chemical potential (where the charge density
is also expected to vanish). Therefore, the DC conductivity depends on the chemical
potential entirely through the number density n. While we have not been able to rule out
such a situation from first principles, we do not find this scenario credible and henceforth
we shall assume that Qp is not constrained, but ultimately it will be the hydrostatic
constraint (2.44) that needs to be modified by the presence of relaxation terms. In this
case {1, # 0 generically, but 2, = 0 can be reached as a special limit by tuning the
relaxation terms appropriately.

We proceed in the next subsection by introducing relaxation terms and deriving how
the hydrostatic constraint (2.44) must be modified.

2.4 Relaxation at zeroth order

In the hydrodynamic formulation we have developed, ¢ and E are independent variables.
In the hydrostatic limit they can assume any functional form, consistent with (2.43), in-
dependently from one another and our hydrodynamic equations will still be satisfied. In
particular, we do not have to obey the constraint (1.1). To move away from the hydrostatic
result, we follow our intuition from the Drude model and relax the equations of motion
with decay terms.

We expect that to be consistent with the principle of effective field theory, the relax-
ation terms should be written in terms of the effective operators in the theory. At order
zero in derivatives these operators can only be the hydrostatic ones such as the energy
density, number density, the momentum etc. These form one class of relaxations — those
that are non-zero at stationarity — and as we shall see such terms can actually lead to
modifications of the hydrostatic constraints (e.g. (2.43)). At order one, an additional class
of relaxation terms consisting of non-hydrostatic operators is possible.

With these points in mind, we add relaxation in the natural way familiar from La-
grangian mechanics; we derive the conservative parts of the equations of motions from
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W), i.e. eq.s (2.49b), through a variational principle and subsequently add in the non-
conservative forces by hand and check for consistency. We carry out this analysis only in
the FSCC limit, where our relaxed conservation equations take the following form

0=0e+0J —BJ +T,, (2.66a)
0 = 0P + 0,1, —nJ' + 15, (2.66b)
0=0m+d;J, (2.66¢)

where the energy current is given by J! = T% . The relaxation terms displayed in (2.66a)-
(2.66¢) are the most generic ones we can add to the constitutive relations at lowest order
in derivatives. In particular, momentum relaxation can only include (P;,P?) because we
are assuming that 0’y (which, as a reminder, can be order zero in derivatives) can still be
expressed in terms of the electric field.”

Our goal now is to determine the relaxation terms such that the equations of motion
are identically satisfied. The conservation equations split into Oth and 1st order pieces,
which need to be satisfied independently for our derivative expansion to be consistent.
Focusing for the moment only on the zeroth order terms, we identify

S =TP' + TP +00), Tc=T.+0(9). (2.67)

One may be tempted to add terms of the form
J J
(rs) Py () Ps . (2.68)

where the relaxation terms are matrices to 1%13 However, requiring the relaxation rates be
expressible in terms of (P;,P!) — as is appropriate for an effective theory — we find that

j . . . 4 A
(r P) Pj = (a1 P,P7 + 0P PT + agPI P + ayPiP7 + a7 ) P

= (alf_’? + Oégfﬁ . .ﬁ + Ot5> P+ (Oégﬁ . I_P' + a4]132) P, , (269)

i.e. we ca express the relaxation rates as a linear combination of P* and P? and, thus, our

choice of relaxation terms in (2.67) is the most general one.
Subsequently, the resultant (non-)conservation equations of motion take the form

' (E; — O;p) = T +O(9) , (2.70a)
n (B = 0'u) = TgP' + TP+ 0(9) . (2.70b)

We observe that hydrostatic constraints (2.43) no longer identically satisfy (2.70) and we
must re-examine the equations of motion. As a crosscheck, we note that in the absence of
relaxation terms, we still need to impose the same constraint (2.70) as before, namely:

E' —9'u=0. (2.71)

"To be justified shortly.
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Let us now analyse various generic situations in the presence of relaxation without
imposing (1.1). If we maintain (2.71) while retaining relaxation terms we find we must

require

TP +T 5P =0, (2.72a)
r.=0. (2.72b)

Re-expressing (2.72) in terms of # and E we find

| Ts+Bpl5)
vi—— (FELE TOPT5) i (2.73)
prl's + pml'5

We see that eq. (2.73) provides us with the Drude constraint generalized in the hydrody-
namic setting. Comparing (2.73) with (1.1) we see that Qp, defined in (2.63), is given by

- s T's
Op=— (BP0 P B+l (2.74)
/BIPF]f)‘i‘Fﬁpm

Subsequently one finds the constraints on the DC conductivity discussed near the end of
subsection 2.3.

The conditions (2.72) are a limit of our generic results where the energy and momentum
relaxations are unconstrained. Returning to solving the full expressions presented in (2.70),
we now allow ourselves to violate (2.71). Firstly, we note that equation (2.70a) is not
independent of (2.70b) on-shell as can be seen by contracting (2.70b) with the spatial fluid
velocity. In particular, we can identify I'c in terms of I' 5 and I'js,

I. =7 (P +T5P)
= (pml s+ BpT3) 7 + (BeT s + Tl ) 7 F . (2.75)

At the moment this relation appears as a condition on hydrostatic flows. When we discuss
entropy production, we will show that it must also hold for non-hydrostatic flows if the
ideal fluid is to not generate entropy. This relation between the I's can also be justified by
our Drude calculation but moreover, it is simply imposing that whatever hydrodynamic
theories we are looking at, they will be consistent with a stationary configuration defined
by the Drude constraint eq. (1.1).

Assuming p,,I' 5 + Bpl'p # 0 we can rearrange (2.70b) to find

— kel — BpT 5 B
7 (” rel's — Oplp du+ 0() (2.76)

- n
U= —
Brl's + pml 5 ) Brl's + pml' 5

giving us the most general hydrodynamic Drude constraint with

n—krkrl's — Bpls
Qp = P P 2.77a
& ( Brl's + pml 5 ) ( )
Q=" (2.77b)

BrTs + pml 5’

17 -



Note that €, # 0, unless n = 0 or Spl's + pm[' 5 — oo. This shows, that charge transport
away from charge neutrality requires 2, # 0, thus justifying our rejection of eq. (2.73)
and maintaining the hydrostatic constraint E? = 9. Moreover, if we do impose (2.71),
then we recover (2.73), showing our result captures all cases. The Drude constraint can
be re-arranged as a constraint for the relaxation terms, which might be of more use to the

experimentalist, as

-1

I's Qp + mE + 1
Bl _, BrQlE + kE pmSlE + Sp . (2.78)

I's Br§, P2y 1
This shows that our relaxation terms are completely fixed by the thermodynamics and, in
particular, that both of them vanish when n — 0.

3 Relaxed hydrodynamic equations to first order in derivatives

We now turn to relaxation for boost agnostic fluids at order one in derivatives. In hy-
drodynamics without relaxation the zeroth order constitutive relations lead to first order
equations of motion that are satisfied up to second order in derivatives. When we have
relaxation terms, a consistent set of first order equations of motion must allow for first
order pieces in the relaxation terms. Moreover, P; and IP; entering in (2.70b) receive first
order corrections; thus it is imperative to determine the forms of these corrections.

As in the previous section, we first derive the constitutive relations without momentum
relaxation or imposing (1.1) via the generating functional W (1. In principle, Wy is built
out of the following independent scalar quantities

sy = {V0u(T, p, @ B2, 7 B), Bh™0,(T, p, 0, B, 5 ),
WV Ey, vV By, BBV By, WYVLE,,

TpF'[OW]I/“hWEU, hpgu”FfW]V“hwEa} .

We have written everything in terms of covariant derivatives, in order to find the most
general result, but we immediately take the flat space limit after varying. With regards
to the variations, the torsion tensors are a little inconvenient to work with. As such we

replace them using the following equations

F[p,uu]TP = a[I-ﬂ—l’} )

r? hpguo = ho[yvu]u" - 8[M(h,4au") .

[nv]

These express particular contractions of the torsion tensor in terms of other quantities.®
Subsequently we use the following basis of scalars

Sy = {V”@u(scalars), E,h" 0, (scalars), uu"V,E,, v'u"V,E,, h“C]ECu”VuE,,,
VB!, Qur MR B, , Oy (hyou” WHRVE, ) (3.3)

P

8In writing the list (3.1), it was already necessary to show that F[W]

hoou’ could be expressed in terms
of other scalars already present in the list.
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With the order one scalars in hand, the hydrostatic generating functional Wy is given
by
Way = /dd+1x e Y F(T,p, h’“’EMEy,th“u”,Euu“ﬁE?) . (3.4)
i

As before, varying the generating functional with respect to the clock-form, spatial metric,
gauge field and field strength gives the constitutive relations (2.46). As we will only care
about expressions in FSCC we can simplify our analysis by considering the FSCC limit
at the level of W(y). In particular, because torsion vanishes in this limit the stationarity
constraints that we used to eliminate torsion terms in writing (3.1) now become relations
between other variables. Namely,

§1 =8, =85=513=5814=0, (3.5a)
§3 = 253 = 251 = v'O,E® = 5, , (3.5Db)
54 = 510 =0'0;(E-9) = 59, (3.5¢)
56 = 239 = E'9;0% = 53 , (3.5d)
57 = B9, E? = 54, (3.5€)
512 = OB = 55 (3.5f)

In addition, it is helpful to construct a basis of non-composite independent vectors in the
FSCC limit. We use as a basis the following collection of vectors

v = 00, (3.6a)
7y = OE?, (3.6b)
v =0, (7-B) (3.6c)
vy = VO, . (3.6d)

Using (2.46) and varying W,y we obtain the constitutive relations at order one. For
our purposes we shall only need to know the expressions for the spatial momentum, the
polarisation, the number density and the energy density. Henceforth, P;, IP; and ¢ refer to
objects with both order zero and order one terms. All other quantities defined previously
take only their order zero form e.g. n = OP/Ju. Given that the expressions are long and not
particularly illuminating we only report these expansions and relegate them to appendix B.

We remark that in deriving the first order constitutive relations, we must deal with the
issue of derivatives of the chemical potential. In [1], for an order zero in derivatives electric
field, the derivative of the chemical potential must also be order zero. Consequently, when
taking the derivative of F; it is possible to produce an order zero (e.g. 0,F;0;p) term, when
we would generically expect only order one terms. Two potential interpretations for this
issue were given in [1]. We could accept that at each order in derivatives of the effective
action there will be terms that contribute to the constitutive relations at one lower order.
Consequently to know the constitutive relations at order n we must compute the generating
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functional to order n+1. Alternatively, we can additionally assume that %—f ~ 0(0). In [1]
this is interpreted as requiring that the effect of free charges is less important than the effect
of bound charges, but arguably requires us to assume the existence of another scale in our
problem.

We however can explore a new option; it is consistent for us to treat Oy ~ O(9). In [1],
0" had to be considered as zeroth order to achieve a consistent hydrostatic equilibrium
by balancing the effects of a non-zero electric fields, see (2.29). However, in our work we
include relaxation terms, which can also balance the effect of the electric field, namely on
hydrostatic solutions we found

n (B - 0'u) — TgP' — TP =0 (3.7)

Therefore we can take derivatives of the chemical potential to be order one in the derivative

expansion, independently of the order of the electric field. Notice that this possibility, to
consider du order one in derivatives, does not spoil any of the result of the previous section:
equation (3.7) is exact and takes the same form independently on the derivative counting
considered for Ju. In this work we shall simply keep derivatives of the chemical potential
in our expressions, trusting the reader to replace them as they please.

3.1 The zoology of relaxation at first order

To understand relaxation at first order, let us consider the momentum (non-)conservation
equation written schematically as

0= 0P+ 05T — (n— 9,P7) By + I + 0(0%) (3.8)

Again, following the principles of effective field theory we expect that the relaxation terms
must be written in terms of the effective operators up to and including order one, i.e.

5 5 4
=T+ Pg)jgj P T+ Fg)jgj P+ 3 T () + 0(8?) . (3.9)
j=1 Jj=1 Jj=1
To proceed, we note that satisfying eq. (3.8) in the presence of relaxation terms, begets
us to make a crucial choice; which of the stationarity constraints in eq. (2.43) should we
violate?

At order zero, we could only break the constraint (2.44), Ef = du, but at order one
we have the potential to relax other hydrostaticity constraints.” Which is the largest set of
broken constraints leading to consistent hydrodynamic equations is an open question. Here
we make a much less severe modification, i.e. we continue to modify only (2.44). Then (3.8)
evaluates to

+ 3T () + 0(8?) . (3.10)

9One can confirm that all hydrostaticity constraints in (2.43) are naively order one in derivatives.
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In principle, we can think of eq. (3.10) as the definition of the broken constraint (2.44)
at order one in derivatives. In fact, by choosing to relax the zeroth order stationarity
constraint (2.44) as'®

n(B; — Oip) =T P + TPy, (3.11)

we had implicitly accepted that there are generically order one (and higher) corrections to
the stationarity constraint. This follows from the fact that the expressions for P; and IP;
in terms of our operator basis receive corrections order by order (see appendix B). If we
wanted to avoid first order corrections in (2.44) we could choose

r

T i

Blowo) = Liv* +TzE". (3.12)
Doing so means we lose the interpretation of I' 5 and I's as inverse relaxation times beyond
lowest order, which is something we deem unphysical. It is interesting to note, however,
that moving between these choices is a matter of redefining the relaxation term IA”]3 by
choosing a basis for its expansion.

Moving on to the relaxed energy-conservation equation, we have at order one

0=0e+0;J —E;JJ 4+ 1., (3.13)

which leads to
no' (B; — Oip) = T + 0(8?) . (3.14)

In other words
I.=ul. (3.15)

Correspondingly, this is why we chose to write our energy relaxation term without the
conventional factor of the energy density. If we want to restore this energy factor, we can
interpret the leading term as energy relaxation rate and write

5 = = . = .
. =Tee+ Y T¥5; + T 00 + TOE 9 + 0(6?) . (3.16)

g,
=1

108uch a decomposition is conventional in the literature, allowing one to interpret the coefficients T p and
I's as inverse relaxation times.
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Employing (3.15) and (3.10) we can then identify the Ff:gj) precisely,

)

Fg =Ip (’YP,2172 + P17 IE) +I'p (VIPJUQ + P2t - ]E)

+F13"YP,17 - F676,1 , (3.17&)
F(E)ZIU( 52 “E) | A ) IRD
2 Bl YPaV” +vP3V +1g YP,1U
+lpvp16 —Tpyvpr — e, (3.17Db)
ré _p ( -2 - ]E) B - L=
es =g l(vpet” +yps0-E) + 15 (7pat” +yps0- E
1
+§Fﬁ (vp1s +vpP16) — Leves s (3.17¢)
Ffri): =I5 ('VP,S’L_)Q +yp7vU - IE) +I'p ('yRQ{)’Q)
_Fa’YaA s (3.17(1)
&3 =T 5 (vp10?? i B) + 5 (e 70° i B
es5 = L (vP10U” +7pov +I'g (vp 70 + P sU
—Leves (3.17e)
FS% = -3 (’7P,12172 + P 11U - IE) -I' (7311172 + 20, F30 - IE)
_FHS(?;LFH — F57€,6 s (3.17f)
Fg =2 <’YP,14?72 + P30 - E) - (71?,12172 + 20, F70 - IE)
*F]ﬁaﬁzFH - FE’YE,? ) (3.17g)

where
(Fﬁpm + Ff:/BIP) 72+ (Fﬁ,BIP + Ff,lﬁE) D
sT—&—un—l—pm@Q—i—QﬂPU-I@—i—mE]ﬁQ—P

.= ) (3.18)
where the coefficients appearing in (3.17) are described in appendix B.

What remains to be done to complete our discussion is to examine the entropy current
of our construction. Before doing so, however, we make a small observation that will be
especially relevant for future studies of our systems at higher derivative orders. Consider
charge relaxation

on+0;J' =0 — On+ 9 J =Tpyn, (3.19)

where I'), is the relaxation term. To both sides of this equation we can add the divergence
of a vector field

O+ 0; (J'+ AL) = Ton + G,A%, (3.20)

where f] is an example of what we name the current relaxation terms. We see that if
the T, satisfy certain thermodynamic integrability constraints, we can use these current
relaxation terms to cancel pieces of I',,. This comes at the expense of modifying our
constitutive relations. In these cases the relaxation terms are in some sense fake, as they
can be redefined away and the equation of motion reverts to a charge conservation equation.
We do not discuss current relaxation terms in our analysis, since our I's will be assumed
not to satisfy the requisite thermodynamic integrability constraints.
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3.2 Entropy current conservation

As our conservation equations and stationarity conditions do not strictly follow from the
generating functional, we should check whether the entropy current is positive definite at
ideal order. Subtracting from the energy conservation equation (3.13) the inner product of
the momentum conservation equation (3.8) with v and the charge conservation equation
multiplied by p, we arrive at

(8t —i—v’@-) (5 P IE) — (8t +vfaj) P, + (e—i—P—IF" B ijj> o’
+u'PIOE; + PO,
=T. —uls+0(0%). (3.21)

Using
(00 +v'3:) (e =B E) = T (0 +v'0:) s + i (9 +v':) m
—P7 (0, +0'0;) By + v; (9 +0'0,) P7, (3.22)
which follows from (2.60), this expression becomes

((% + fuiai) s+ 500" =1 — vifiﬁ + 0(9%), (3.23)

where we have imposed the Bianchi identity (2.36) to simplify. In the absence of relaxation,
we know that the left hand side of (3.23) is identically satisfied and entropy is conserved.
We notice that this is still the case when relaxation is included, if we use our modified
hydrostatic constraint (2.70) leading to (3.15). If we demand that our system only produces
entropy at higher than first order in derivatives, then entropy conservation can be extended
to any solution of the hydrodynamic equations. This condition is not strictly necessary and
ideal fluids can produce entropy in the presence of relaxations, as shown in [10]. However
the relaxations in [10] are not hydrostatic and must disappear in equilibrium, while our
relaxations are hydrostatic compatible, which suggest that they should not contribute to
the entropy production.

It may initially seem surprising that in the presence of relaxation terms the entropy can
be conserved. We remind the reader however that the second law of thermodynamics only
requires entropy to increase in an isolated system. In an open system, it may remain con-
stant or even decrease. We can see this intuitively by examining the Gibbs-Duhem relation

1

S:T(E—nu—ﬁ-ﬁ)+

P-E.-P

7 (3.24)

Notice that if P decreases, such as happens for the relaxation terms in (3.8), we can keep
the entropy constant if we simultaneously reduce the energy density (hence the necessity of
an energy relaxation term). Moreover, a careful examination of how we have manipulated
the equations of motion would indicate that when the derivative of the chemical poten-
tial can be treated as order one in derivatives, our entire formalism reduces to setting the
source terms in energy, momentum and charge conservation equations to zero. Thus it is
unsurprising that entropy is conserved.
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3.3 Linearised stability

As a final check on whether our quasihydrodynamic theory is sensible, we now consider the
linearised stability of our system. To do this, we must pick a hydrostatic condition. We
shall make the simplest such choice, namely that

n (B - d'u) = TP + TP . (3.25)

This is a minimal constraint which assumes that the Drude constraint (1.1) is exact, i.e.
does not receive corrections at higher orders in derivatives.

We choose the background around which we check linear stability to be (2 4 1)-
dimensional and consist of a non-zero constant chemical potential p and electric field in
the z-direction E = (IE,,0). Given our constraint (3.25), this means that the fluid also has
a non-zero velocity in the z-direction given by

— k= — Bl =
vy = [Pl = Oels ) (3.26)
el + pml 5

We can perturb about this background by fluctuating the temperature, chemical potential
and spatial velocity. At zero wave-vector we find two zero-modes and two decaying modes.
The expression for one of the decaying modes is

. 1
w = —ileq. , Teg = ? (ﬁ]PFf) -+ pmrﬁ) . (3.27)

m

The expression for the second decaying mode is significantly more complex, and in general
its stability will require us to know more precisely the equation of state for the system.
Nevertheless for small in amplitude electric fields the second mode has the form

w = —ileg + O(E2) . (3.28)

In this case our system is linearly stable on the condition I'eg, > 0 < 5IPF1§ +pml'3 = 0. We
have also checked that the zero modes become propagating modes at non-zero wavevector.

An interesting consequence of the stability condition is that it allows one of the relax-
ation rates to be negative. This allows us to tune I'g carefully, such that the Drude con-
straint (1.1) on the velocity depends solely on the total electric field E+P— du. This incor-
porates the backreaction of the non-zero polarisation into the problem. In particular, define

Bel' 5
I's=— — ). 3.29
F (n T e ) (3:29)
In this case, the spatial velocity depends on the total electric field as
n - - -
V= ———"—+ (E +P - Gu) + 0(09) , (3.30)
oD
E
on the condition that 5
npp
Ls> 7 (3.31)
Pm — oo
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which follows from the stability condition SpI's + pm['5 > 0. We see that this constraint
reduces to the usual one I' 5 > 0 when the compressibility of polarisation fp is zero.

On physical grounds one might expect (3.29) and subsequently (3.30) to hold for all
systems, as it simply states that the flow velocity depends on the actual electric field
experienced by the fluid particle. Yet we are not able to prove this result and do not
assume it henceforth.

3.4 DC conductivities

Finally, we note that the hydrodynamic systems we have described thus far exhibit both
charge and heat transport on hydrostatic solutions. In particular, evaluating the charge
current on the Drude constraint (1.1) we find

2

T="TE+00), (3.32)
Pm
where
T=I3 | —2 = (3.33)
P 1+ Bel'p ’ ’
Pmrp“

is the effective decay rate. This shows that our stationary states exhibit a non-trivial charge
flow as well as a DC conductivity resembling the Drude result. In particular, because I' P
depend on the electric field, we can define two kinds of DC conductivities: the non-linear
DC conductivity, opc, is defined via

opc=J/E="" (3.34)

while we can also define a DC conductivity of,¢ = aJ/ OE. In this case we find

- 0 2

In the low electric field limit, the right hand side of (3.35) depends linearly on ¥ - E and
therefore vanishes in the limit of zero electric field, as expected. Importantly, we must
remember that our results, (3.32) and (3.34), depend on the ground state velocity and the
applied electric field. Moreover, the heat current of our system, which can be read off
from (3.23), is given by

. Tnr -
G=sTi="""TF, (3.36)
Pm
implying our system also exhibits a non-trivial DC thermoelectric coefficient
T
apc = =7 (3.37)
Pm

Before turning to the discussion, let us comment on the physical relevance of our
results to potential experiments. In particular, we believe our framework should be used to
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describe DC transport measurements in the hydrodynamic regime of electronic materials in
the presence of a constant electric field, which have reached a steady state. To understand
this better, let us first remind ourselves of how the Drude form for the conductivity is
derived from a naive kinetic theory calculation. Suppose one has a collection of charged,
weakly interacting, slowly moving particles in the presence of a constant external electric
field E that has achieved a steady state flow. Assuming that we can ignore inter-particle
interactions, Newton’s law tells us that the acceleration of any single charged particle is

m%(@ =gl — ?@ : (3.38)
where (¥) is the net average velocity, m the particle mass and ¢ the particle charge. We
have added an effective collision time 7 to the system which may be treated as a phe-
nomenological parameter describing interactions of the charges with impurities, lattices et
cetera. It follows that if the system achieves a steady state flow, which can only happen
when 7 # 0o, then d(%)/dt = 0 and therefore (7)) = ¢7/mIE. It cannot be stressed enough
that this drift velocity is a fundamental property of the material; not the initial conditions
nor the geometry of the sample - just as for our fluid discussed above. Further, assuming
that the volume density of the cloud of particles is n, such that the spatial charge current
is given by J = nq(v), one quickly finds that

2 2

- n - n
J = a 5 such that opc = T

- (3.39)

Generally when an electric current is passed through an electrical device it will heat
up. If the system eventually achieves a steady state this heat must be lost by the device at
the same rate that it is produced; if it does not dissipate heat the device melts. In practice
this dissipation is achieved by keeping the amplitude of the electric field small, so that the
produced heat is small, and we use an excellent thermal sink. An excellent thermal sink
implies that we can assume the temperature of the device is the same as the temperature of
the atmosphere (one finds drift velocity in data tables is specified at a given temperature).
Assuming weak correlations, one can simulate such effects in a simple Drude-like model.
In particular the time dependence of the average kinetic energy of the particles is given by

50 = e(®) B - Z(0)?. (3.40)

Imposing the steady flow constraint of (3.38) one finds that the right hand side of this
equation is also zero. The second term in the above expression is an example energy
relaxation term similar to our I'c in the hydrodynamic picture.

4 Discussion

In this paper we have demonstrated that it is possible to consistently modify the hydro-
staticity conditions using relaxation terms up to and including order one in derivatives.
We have shown that the relaxation terms are not arbitrary, but must satisfy particular
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constraints; more specifically, our relaxation terms are completely fixed by the thermody-
namics (see (2.75) and (2.78)) and they vanish when the charge density n goes to zero. This
leads to a ground state of our fluid with a constant flow of charge and heat. These flows re-
sult in our fluid also exhibiting both DC electric charge and thermo-electric conductivities
that depend non-linearly on the electric field, which we calculated explicitly.

In our work we have treated relaxation terms consistently by splitting them into two
kinds - relaxation terms that can be expanded in the basis of stationary tensor structures
(considered in this paper) and relaxation terms that can be expanded in terms of tensor
structures that vanish at stationarity (for future work). This gives a precise meaning to the
idea of relaxation term being of a particular order in derivatives; which can be ascertained
by examining the order of the relevant tensor structure.

As regards the future perspectives, a fundamental question is to determine how our
analysis is modified when employing the order one constitutive relations in their respective
equations of motion. A consistent analysis will require us to obtain second order relaxation
terms. Specifically, it would be interesting to determine how the DC conductivities are mod-
ified by these additional terms as this is also the order where tensor structures that vanish
at stationarity, including the type associated with the incoherent conductivity, can be in-
troduced. A straightforward follow up of our work would be to include in the analysis such
dissipative terms, and analyse their implications at the level of thermo-electric transport.

Finally, it would be important to study holographic models which realise the hydrody-
namic picture described in this paper. With a holographic realisation to hand, it would be
possible to analyze further the validity of our hydrodynamic description and to understand
the transition from the hydrodynamic to the non-hydrodynamic regime in the new class of
fluids which we have described. Holographic models with a background electric field have
been considered e.g. in [40]. It would be interesting to generalise this analysis in order to
include relaxation terms of the kind described in this work.
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A Conservation equations and hydrostaticity

In this appendix, we show that the equations of motion of the fluid are satisfied identically
when we use the stationarity constraints (2.43) and (2.44) in the FSCC limit. First, recall
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that requiring diffeomorphism and gauge invariance of the generating functional W, yields
the following (non-)conservation equations

1
e 10y (€1, ) + Ty = ST phyuy = Fpud” (A.la)
et (eJ") =0, (A.1b)

where we have employed (2.46) and (2.47). In addition we have the following conservation
equation for the polarisation

e 19,0, (26V“‘1P”1> =0. (A.lc)

Turning to the FSCC limit the electric charge conservation equation becomes
om+0;J' =0. (A.2)
Employing the constitutive relations of (2.62) we find
(&m + viﬁm) +ndv' =0. (A.3)

Setting the first term (in brackets) to zero follows from £,(n) = 0. The remaining term
vanishes if the expansion of the fluid, d;v°, is zero. This is indeed one of the conditions
in (2.43).

For SEM tensor conservation, (2.49a), the time component in flat space takes the form

Oe+ 0 JE —E; T =0, (A.4)

where J! = T% is the energy current. Substituting in the constitutive relations (2.62) we
obtain

_ i9) (¢ - B -B) + B i9,) |2 i0) (E -
0= (8t+1181> (6 P E) + 5 ((")t+val)E + Bp (8t+v8l> (E v)
+ (5 +P—-TP. ]E) ovt + pmvivjaivj — BpE;0:0°
—v' (n (B — du) — s0;T) , (A.5)
In the hydrostatic limit the first three terms vanish on account of requiring conservation
of scalar quantities; then the next four terms vanish on account of conditions in (2.43).
Finally, we come to momentum conservation given by the spatial part of (2.49a). In
flat space we find
0P+ 05T, — (n— 0P ) By = 0. (A.6)
Once again, expanding terms by substituting in the constitutive relations we find
0= (¥ <8t + Ujaj> Pm + EZ’ (8t + Ujaj) B]P + pmviajvj
-n (EZ — iu) + s0;T + pm (@vi + v’ (Oivj + Ojvi))
+ (HE]Ej + B]P’Uj) (aZ]E] — 8JEZ)
"‘B]P (@El + UjajEi + Ejaﬂ}j> . (A7)

Term by term we again find that the equation of motion is identically satisfied by the
hydrostatic constraints (2.43) completing our demonstration.
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B Transport coefficients in FSCC

B.1 Energy density
The energy density € up to and including order one in derivatives has the form
€= —P+5T+un+pm172—I—QBIPU-IE—i—K;E]EQ
+’Ys,1vi3iﬁ2 + %,201@'(15 - T) + 7 3B 0,07 + 75,4Ei8iﬁ2 + ’75,531'@
~Ye,60 ift — e, B O (B.1)

where

ren = 255 oy <8F3 aFl) 2 <8F3 an) 7+

~ M ou oT ~ oE? 07 OE?
OF. OF,\ = E - ) OF OF. aF
4 ﬁ3q _ 9 (E-ﬁ)—( v) 14, 3
IE-7) OIJE? 2 OE2? A(E - 7)
8F1() j2 8F8 8F8 aFg, 8F8 8F6
E-7)+5==2 —
G0 i (5 ans) * (50 >
(0B 0Fs\ g, (B9 0F, MRIRIEE
OE-7) OE? 2 YE-v) 49E-0)
L poF  TOFL | OFu (E-v) 0Fy
2 2 08u 29T ' 92 2 Y(E-7)
(E-0) 0Fn | 0Fnz, 1 0Fp

2 Y(E-7) OE2 20(E - )
e =gy T @5’ i aglﬁ)) i (ZF agzﬁ)) 7
_9 <a(?§;F,377) B Sgi) B2 _ (92506) (B - 7) + Fio + M@;ﬁo N Tago
o ag%oﬁ) E0s a(a]g o E D2

OFs .. (0F; 8F5) OF;  OR\ =
— T _ 698 ) (R
e T W T <8T o) \o@. o o) E 0T

OFs OFs\ = OFs OF, OFy = .. 10F;
= —— | (IE- 2 = E - —
+(3(E.g) 3172>( 0+ (aEQ FIZ ) R AGEURE W
M@Fg ZaFg 8F91_),2+ 8F9 (EU) Fg
2 0u 20T 002 3(1@.17) 2 2
(E-0) 0F, dFy 1 OF s

- 2B —Fy— ——
+ 2 a(E.g)JraIEp Jr29 02

OF; <8F7 8F5> <8F7 8F6> H OF; OFg\ =
= +T - 2| v — —= + = — —=_ | (E-7)+
. o T HE?2 0% PE2 ! OE-v) OE?2 E-)

1 6F13 6F12

+< OF; 6F8> &5 B

El

+2

EL

+Fy + =

Ve, 4
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AE.-7) OF? OE? 29E2  9E2
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OFyo OF1y  OF13 o  OF12 = OFy = OF12 =
= +T +2 U = E-7)+ — E-7v)+2—-E"+
= T TP T a@ Y  a@. 0T 0 o

- - -, - F

—2E%F; — (E - 0)Fy — TF5 — 20°Fs — (E - 0) Fy — Fy1(E - 0) + % (B.6)

OF _ ,0F, - _OF, (E-0)0Fy _0F3-, ,~ _ OF,

=T—+20"— + (E- 2 E E.0)—

Ve,6 o + 27 o + (E - 7) on + > o + i + (E - 9) o

0F0 =

E-v B.7
F B (5.7)

6F5 _,QaFG 8F8 - =9 6F7 aFg - aFH =)

=T 2 E- 2E— + — (& - E -

Ve, 7 o +27 o + au( v) + o + 8,u( v) + o ( v)

OFi;  10F3 (B.8)
ou 2 o ’
B.2 Electric charge density
The order one in derivatives correction to the charge density, dn, has the form
8F3 =92 8F4 = aF()‘ - ) 8F7 . =9
on = |———0E* — — (B - ¥) + —[E79; E0;IE
n on o (I - V) + o U+ an )
OFs ... = .  OFy/ o
+ a—MEjaj(E - 7) 4 % (vlatIEi + vlvjaiEj)

— o vjatEj + o ’UZEjajEi + o 8]‘EJ:| + 0(82) . (B.9)

B.3 Spatial momentum density

The spatial momentum density FP; up to and including first order in derivatives has the
form

P = pmvi + ,BIP]Ei
+ <7P,2Uj OJE? +ypav/0(E - 0) + 1pel 0,0 + psEI OB + vp 100/ B
— 2yp 1207 jpu — 2yp 14 aj,u) v’
+ (’Yp’lvjajEQ + ’ng,vjaj (IE - 7) 4 ’}/P,5Ejaji72 + ’ijEjajEz + 7P798jEj

— 2yp1107 Qjp — 27P,13Ej3jﬂ) E’

+7P715Ejajvi + ’}/p,lﬁvjajEi + 7P7178iﬁ2 + FY0' 52 , (B.10)
where
0F3 oF, 1 0F, 0Fy 190Fyg 1 0Fn1 10Fyy
VPl = —= —— + == = —— = — 5= (B.11)
O(E-7) OF2 20F2 oF2 20F2 20F.-7) 2 0F?
B 28F3 B 28F2 n 0Fy B 0Fg _1 0F14 _} 0Fy 1 0Fy
P2 5w T SoE T 07 aB-5) A0B-v) 20B-v) 400
1 8F10 0F1
-— B.12
49(E-v) 00? ( )
1 8F9 8F10 1 6F10 8F10 1 6F14
VP3 =53 =~ = <~ T3 5 T 5= o (B.13)
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B.4 Polarisation
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The polarisation vector IP; up to and including order one in derivatives has the form
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oF;  OF, OF
Vg = o — e — (B.29)
O(E-5) o0B2 OR?

8F8 8F7 8Fll

el S B.30
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oFy 0F3 0Fg
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8F7 aFg 8F11

P4 = (B.32)

WOTAE-w  oE2 o (B.34)
TP,7 = 8?1?217) —Fs—Fn (B.35)
P8 = 221]];122 —2F; (B.36)
P9 = Fe + %Fg - 3({)1;122 (B.37)
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Y1 = %ZZ‘ + 8520 (B.39)
P2 = 88]3; + 68}21 . (B.40)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.

References
[1] P. Kovtun, Thermodynamics of polarized relativistic matter, JHEP 07 (2016) 028
[arXiv:1606.01226] [INSPIRE].
[2] J. de Boer et al., Perfect fluids, SciPost Phys. 5 (2018) 003 [arXiv:1710.04708] [INSPIRE].

[3] J. de Boer et al., Hydrodynamic modes of homogeneous and isotropic fluids, SciPost Phys. 5
(2018) 014 [arXiv:1710.06885] [INSPIRE].

[4] 1. Novak, J. Sonner and B. Withers, Hydrodynamics without boosts, JHEP 07 (2020) 165
[arXiv:1911.02578] [INSPIRE].

[5] J. Armas et al., Newton-Cartan submanifolds and fluid membranes, Phys. Rev. E 101 (2020)
062803 [arXiv:1912.01613] [NSPIRE].

~32 -


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP07(2016)028
https://arxiv.org/abs/1606.01226
https://inspirehep.net/literature/1467259
https://doi.org/10.21468/SciPostPhys.5.1.003
https://arxiv.org/abs/1710.04708
https://inspirehep.net/literature/1630651
https://doi.org/10.21468/SciPostPhys.5.2.014
https://doi.org/10.21468/SciPostPhys.5.2.014
https://arxiv.org/abs/1710.06885
https://inspirehep.net/literature/1631683
https://doi.org/10.1007/JHEP07(2020)165
https://arxiv.org/abs/1911.02578
https://inspirehep.net/literature/1763784
https://doi.org/10.1103/PhysRevE.101.062803
https://doi.org/10.1103/PhysRevE.101.062803
https://arxiv.org/abs/1912.01613
https://inspirehep.net/literature/1768406

[6]

[15]

[16]

[17]

J. de Boer et al., Non-boost invariant fluid dynamics, SciPost Phys. 9 (2020) 018
[arXiv:2004.10759] [INSPIRE].

J. Armas and A. Jain, Effective field theory for hydrodynamics without boosts, SciPost Phys.
11 (2021) 054 [arXiv:2010.15782] [INSPIRE].

P. Kovtun, Lectures on hydrodynamic fluctuations in relativistic theories, J. Phys. A 45
(2012) 473001 [arXiv:1205.5040] [INSPIRE].

N.W. NAschroft and N.D. Mermin, Solid state physics, Harcourt College Publishers (1976).

M.J. Landry, Dynamical chemistry: non-equilibrium effective actions for reactive fluids, J.
Stat. Mech. 2207 (2022) 073205 [arXiv:2006.13220] [INSPIRE].

F. Becattini, Ezergy of an open continuous medium, Phys. Rev. E 107 (2023) 034135
[arXiv:2208.12785].

A.-M. Visuri, T. Giamarchi and C. Kollath, Nonlinear transport in the presence of a local
dissipation, https://arxiv.org/abs/2209.01686 [DOI:10.48550/ARXIV.2209.01686].

J. Gooth et al., Thermal and electrical signatures of a hydrodynamic electron fluid in
tungsten diphosphide, Nature Commun. 9 (2018) 4093.

T. Holder et al., Ballistic and hydrodynamic magnetotransport in narrow channels, Phys.
Rev. B 100 (2019) 245305 [arXiv:1901.08546] [INSPIRE].

J.A. Sulpizio et al., Visualizing Poiseuille flow of hydrodynamic electrons, Nature 576 (2019)
75.

A. Amoretti et al., Hydrodynamical description for magneto-transport in the strange metal
phase of Bi-2201, Phys. Rev. Res. 2 (2020) 023387 [arXiv:1909.07991] [INSPIRE].

A. Amoretti et al., Duality and dimensional reduction of 5D BF theory, Eur. Phys. J. C 73
(2013) 2461 [arXiv:1301.3688] [INSPIRE].

M.J.H. Ku et al., Imaging viscous flow of the Dirac fluid in graphene, Nature 583 (2020) 537
[arXiv:1905.10791] [INSPIRE].

C. Kumar et al., Imaging hydrodynamic electrons flowing without Landauer-Sharvin
resistance, Nature 609 (2022) 276.

A. Amoretti et al., Holography in flat spacetime: 4D theories and electromagnetic duality on
the border, JHEP 04 (2014) 142 [arXiv:1401.7101] [INSPIRE].

A. Amoretti and D. Musso, Magneto-transport from momentum dissipating holography,
JHEP 09 (2015) 094 [arXiv:1502.02631] [INSPIRE].

A. Amoretti et al., A holographic perspective on phonons and pseudo-phonons, JHEP 05
(2017) 051 [arXiv:1611.09344] [INSPIRE].

L.V. Delacrétaz, B. Goutéraux, S.A. Hartnoll and A. Karlsson, Theory of collective
magnetophonon resonance and melting of a field-induced Wigner solid, Phys. Rev. B 100
(2019) 085140 [arXiv:1904.04872] [INSPIRE].

A. Amoretti, D.K. Brattan, N. Magnoli and M. Scanavino, Magneto-thermal transport
implies an incoherent Hall conductivity, JHEP 08 (2020) 097 [arXiv:2005.09662] [INSPIRE].

A. Amoretti, D. Arean, D.K. Brattan and N. Magnoli, Hydrodynamic magneto-transport in
charge density wave states, JHEP 05 (2021) 027 [arXiv:2101.05343] [INSPIRE].

— 33 —


https://doi.org/10.21468/SciPostPhys.9.2.018
https://arxiv.org/abs/2004.10759
https://inspirehep.net/literature/1792476
https://doi.org/10.21468/SciPostPhys.11.3.054
https://doi.org/10.21468/SciPostPhys.11.3.054
https://arxiv.org/abs/2010.15782
https://inspirehep.net/literature/1826885
https://doi.org/10.1088/1751-8113/45/47/473001
https://doi.org/10.1088/1751-8113/45/47/473001
https://arxiv.org/abs/1205.5040
https://inspirehep.net/literature/1115740
https://doi.org/10.1088/1742-5468/ac7a27
https://doi.org/10.1088/1742-5468/ac7a27
https://arxiv.org/abs/2006.13220
https://inspirehep.net/literature/1802680
https://doi.org/10.1103/PhysRevE.107.034135
https://arxiv.org/abs/2208.12785
https://arxiv.org/abs/2209.01686
https://doi.org/10.48550/ARXIV.2209.01686
https://doi.org/10.1038/s41467-018-06688-y
https://doi.org/10.1103/PhysRevB.100.245305
https://doi.org/10.1103/PhysRevB.100.245305
https://arxiv.org/abs/1901.08546
https://inspirehep.net/literature/1773214
https://doi.org/10.1038/s41586-019-1788-9
https://doi.org/10.1038/s41586-019-1788-9
https://doi.org/10.1103/PhysRevResearch.2.023387
https://arxiv.org/abs/1909.07991
https://inspirehep.net/literature/1754680
https://doi.org/10.1140/epjc/s10052-013-2461-3
https://doi.org/10.1140/epjc/s10052-013-2461-3
https://arxiv.org/abs/1301.3688
https://inspirehep.net/literature/1211212
https://doi.org/10.1038/s41586-020-2507-2
https://arxiv.org/abs/1905.10791
https://inspirehep.net/literature/1808842
https://doi.org/10.1038/s41586-022-05002-7
https://doi.org/10.1007/JHEP04(2014)142
https://arxiv.org/abs/1401.7101
https://inspirehep.net/literature/1279028
https://doi.org/10.1007/JHEP09(2015)094
https://arxiv.org/abs/1502.02631
https://inspirehep.net/literature/1343556
https://doi.org/10.1007/JHEP05(2017)051
https://doi.org/10.1007/JHEP05(2017)051
https://arxiv.org/abs/1611.09344
https://inspirehep.net/literature/1500581
https://doi.org/10.1103/PhysRevB.100.085140
https://doi.org/10.1103/PhysRevB.100.085140
https://arxiv.org/abs/1904.04872
https://inspirehep.net/literature/1729127
https://doi.org/10.1007/JHEP08(2020)097
https://arxiv.org/abs/2005.09662
https://inspirehep.net/literature/1797089
https://doi.org/10.1007/JHEP05(2021)027
https://arxiv.org/abs/2101.05343
https://inspirehep.net/literature/1841049

[26]

[27]

28]

[29]

[30]

[34]

[35]

[36]

[37]

[38]

[39]

A. Amoretti, D. Arean, D.K. Brattan and L. Martinoia, Hydrodynamic magneto-transport in
holographic charge density wave states, JHEP 11 (2021) 011 [arXiv:2107.00519] [INSPIRE].

A. Amoretti and D.K. Brattan, On the hydrodynamics of (2 + 1)-dimensional strongly
coupled relativistic theories in an external magnetic field, Mod. Phys. Lett. A 37 (2022)
2230010 [arXiv:2209.11589] [INSPIRE].

M. Baggioli and B. Goutéraux, Colloquium: hydrodynamics and holography of charge density
wave phases, Rev. Mod. Phys. 95 (2023) 011001 [arXiv:2203.03298] [INSPIRE].

H.-S. Jeong, K.-Y. Kim and Y.-W. Sun, Quasi-normal modes of dyonic black holes and
magneto-hydrodynamics, JHEP 07 (2022) 065 [arXiv:2203.02642] NnSPIRE].

S.A. Hartnoll, P.K. Kovtun, M. Muller and S. Sachdev, Theory of the Nernst effect near
quantum phase transitions in condensed matter, and in dyonic black holes, Phys. Rev. B 76
(2007) 144502 [arXiv:0706.3215] [INSPIRE].

A. Amoretti, D. Aredn, B. Goutéraux and D. Musso, Gapless and gapped holographic
phonons, JHEP 01 (2020) 058 [arXiv:1910.11330] NSPIRE].

J. Armas and A. Jain, Hydrodynamics for charge density waves and their holographic duals,
Phys. Rev. D 101 (2020) 121901 [arXiv:2001.07357] [INSPIRE].

L.V. Delacrétaz, B. Goutéraux, S.A. Hartnoll and A. Karlsson, Theory of hydrodynamic
transport in fluctuating electronic charge density wave states, Phys. Rev. B 96 (2017) 195128
[arXiv:1702.05104] [INSPIRE].

J. Armas, E. van Heumen, A. Jain and R. Lier, Hydrodynamics of plastic deformations in
electronic crystals, Phys. Rev. B 107 (2023) 155108 [arXiv:2211.02117] [INSPIRE].

K. Jensen et al., Towards hydrodynamics without an entropy current, Phys. Rev. Lett. 109
(2012) 101601 [arXiv:1203.3556] [INSPIRE].

N. Banerjee et al., Constraints on fluid dynamics from equilibrium partition functions, JHEP
09 (2012) 046 [arXiv:1203.3544] [INSPIRE].

J. Bhattacharya, S. Bhattacharyya and M. Rangamani, Non-dissipative hydrodynamics:
effective actions versus entropy current, JHEP 02 (2013) 153 [arXiv:1211.1020] [nSPIRE].

J. Hartong and N.A. Obers, Horava-Lifshitz gravity from dynamical Newton-Cartan
geometry, JHEP 07 (2015) 155 [arXiv:1504.07461] [INSPIRE].

R.A. Davison and B. Goutéraux, Dissecting holographic conductivities, JHEP 09 (2015) 090
[arXiv:1505.05092] [INSPIRE].

[40] B. Withers, Nonlinear conductivity and the ringdown of currents in metallic holography,

JHEP 10 (2016) 008 [arXiv:1606.03457] [INSPIRE].

— 34 —


https://doi.org/10.1007/JHEP11(2021)011
https://arxiv.org/abs/2107.00519
https://inspirehep.net/literature/1874441
https://doi.org/10.1142/S0217732322300105
https://doi.org/10.1142/S0217732322300105
https://arxiv.org/abs/2209.11589
https://inspirehep.net/literature/2152542
https://doi.org/10.1103/RevModPhys.95.011001
https://arxiv.org/abs/2203.03298
https://inspirehep.net/literature/2047358
https://doi.org/10.1007/JHEP07(2022)065
https://arxiv.org/abs/2203.02642
https://inspirehep.net/literature/2047292
https://doi.org/10.1103/PhysRevB.76.144502
https://doi.org/10.1103/PhysRevB.76.144502
https://arxiv.org/abs/0706.3215
https://inspirehep.net/literature/753858
https://doi.org/10.1007/JHEP01(2020)058
https://arxiv.org/abs/1910.11330
https://inspirehep.net/literature/1760760
https://doi.org/10.1103/PhysRevD.101.121901
https://arxiv.org/abs/2001.07357
https://inspirehep.net/literature/1776686
https://doi.org/10.1103/PhysRevB.96.195128
https://arxiv.org/abs/1702.05104
https://inspirehep.net/literature/1514052
https://doi.org/10.1103/PhysRevB.107.155108
https://arxiv.org/abs/2211.02117
https://inspirehep.net/literature/2176818
https://doi.org/10.1103/PhysRevLett.109.101601
https://doi.org/10.1103/PhysRevLett.109.101601
https://arxiv.org/abs/1203.3556
https://inspirehep.net/literature/1094058
https://doi.org/10.1007/JHEP09(2012)046
https://doi.org/10.1007/JHEP09(2012)046
https://arxiv.org/abs/1203.3544
https://inspirehep.net/literature/1094066
https://doi.org/10.1007/JHEP02(2013)153
https://arxiv.org/abs/1211.1020
https://inspirehep.net/literature/1198327
https://doi.org/10.1007/JHEP07(2015)155
https://arxiv.org/abs/1504.07461
https://inspirehep.net/literature/1365077
https://doi.org/10.1007/JHEP09(2015)090
https://arxiv.org/abs/1505.05092
https://inspirehep.net/literature/1371709
https://doi.org/10.1007/JHEP10(2016)008
https://arxiv.org/abs/1606.03457
https://inspirehep.net/literature/1469047

	Introduction
	Stationarity at the ideal level
	Aristotelian geometry
	Geometrising thermodynamics
	Hydrostatic constitutive relations
	Relaxation at zeroth order

	Relaxed hydrodynamic equations to first order in derivatives
	The zoology of relaxation at first order
	Entropy current conservation
	Linearised stability
	DC conductivities

	Discussion
	Conservation equations and hydrostaticity
	Transport coefficients in FSCC
	Energy density
	Electric charge density
	Spatial momentum density
	Polarisation


